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Problem:  

Find the normal form of the quadratic form using the Lagrange method:  

𝑓 = 𝑥1
2 + 𝑥2

2 + 3𝑥3
2 + 4𝑥1𝑥2 + 2𝑥2𝑥3. 

Solution:  

Using the Lagrange method, let’s separate the full squares: 

𝑓(𝑥1, 𝑥2, 𝑥3) = 𝑥1
2 + 2𝑥1 ∙ 2𝑥2 + 4𝑥2

2 − 3𝑥2
2 + 3𝑥3

2 + 2𝑥2𝑥3 = 

= (𝑥1 + 2𝑥2)
2 − ((√3𝑥2)

2
− 2 ∙ √3𝑥2 ∙

1

√3
𝑥3 + (

1

√3
𝑥3)

2

) +
1

3
𝑥3
2 + 3𝑥3

2 = 

= (𝑥1 + 2𝑥2)
2 − (√3𝑥2 −

1

√3
𝑥3)

2

+ (
√10

√3
𝑥3)

2

, 

⇒ making a replacement of variables  

{
  
 

  
 
𝑦1 = 𝑥1 + 2𝑥2        

𝑦2 = √3𝑥2 −
1

√3
𝑥3

𝑦3 = √
10

3
𝑥3            

 

⇒ we obtain the desired normal form of the original quadratic form: 

𝑓 = 𝑦1
2 − 𝑦2

2 + 𝑦3
2 . 

(the normal form of the real quadratic form is  𝑓 =∑ℰ𝑖 ∙ 𝑦𝑖
2, 𝑤ℎ𝑒𝑟𝑒 ℰ𝑖 = ±1, 𝑖 = 1, 𝑛̅̅ ̅̅̅ 

𝑛

𝑖=1

) 
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