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Problem: 

Prove equalities using the properties of set operations and definitions of operations. 

𝐶 ⊆ 𝐷 ⇒ 𝐴 × 𝐶 ⊆ 𝐵 × 𝐷. 

Solution:  

𝐴 × 𝐶 = {(𝑎, 𝑐) | 𝑎 ∈ 𝐴, 𝑐 ∈ 𝐶}  
𝐵 × 𝐷 = {(𝑏, 𝑑) | 𝑏 ∈ 𝐵, 𝑑 ∈ 𝐷}

 

Only 𝐶 ⊆ 𝐷 is known, from 𝐶 ⊆ 𝐷 does not imply  𝐴 × 𝐶 ⊆ 𝐵 × 𝐷, that is, the equality will be true if 𝐴 ⊆ 𝐵. 

Let us prove with an example that the statement 𝐶 ⊆ 𝐷 ⇒ 𝐴 × 𝐶 ⊆ 𝐵 × 𝐷 is false. 

Let sets 𝐶 = {1,2}, 𝐷 = {1,2,3,4} be given, where 𝐶 ⊆ 𝐷 

𝐴 = {1,3,5,6}, 𝐵 = {3,7}, where 𝐴 ⊈ 𝐵 

𝐴 × 𝐶 = {(1, 1), (1, 3), (1, 5), (1, 6), (2, 1), (2, 3), (2, 5), (2, 6)} 

𝐵 × 𝐷 = {(1, 3), (1, 7), (2, 3), (2, 7), (3, 3), (3, 7), (4, 3), (4, 7)} 

Thus, from the example it is clear that (1, 1) ∉ 𝐵 × 𝐷 ⇒ 𝐴 × 𝐶 ⊈ 𝐵 × 𝐷 under the condition that 𝐶 ⊆ 𝐷. 
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