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Problem:  

Calculate the integral of the complex variable: 

∮
1 − cos 𝑧

𝑧2 − 𝜋2
|𝑧−3|=1

𝑑𝑧. 

Solution:  

I = ∮
1 − cos 𝑧

𝑧2 − 𝜋2
|𝑧−3|=1

𝑑𝑧. 

𝑓(𝑧) =
1 − cos 𝑧

𝑧2 − 𝜋2
=

1 − cos 𝑧

(𝑧 − 𝜋)(𝑧 + 𝜋)
⇒ 

𝑓(𝑧) has two singular points 𝑧1 = 𝜋, 𝑧2 = −𝜋, of these points only 𝑧1 lies in the circle |𝑧 − 3| < 1, ⇒ from the 

main residue theorem⇒ 

⇒ 𝐼 = ∮ 𝑓(𝑧)

|𝑧−3|=1

𝑑𝑧 = 2𝜋𝑖 Res
𝑧=𝑧1

𝑓(𝑧) , но 𝑓(𝑧)
𝑧→𝜋
→  ∞, (𝑧 − 𝜋)𝑓(𝑧) =

1 − cos 𝑧

𝑧 + 𝜋 𝑧→𝜋
→  

2

2𝜋
≠ ∞, 

⇒ 𝑧1 = 𝜋 is a 1st order pole ⇒ the residue in it will be: 

Res
𝑧=𝑧1

𝑓(𝑧) = lim
𝑧→𝜋
((𝑧 − 𝜋)𝑓(𝑧)) = lim

𝑧→𝜋

1 − cos 𝑧

𝑧 + 𝜋
=
2

2𝜋
=
1

𝜋
⇒ 𝐼 = 2𝜋𝑖 ∙

1

𝜋
= 2𝑖. 

Answer: 2𝑖. 

2 3 4 

𝜋 −𝜋 

|−𝜋 − 3| > 1 

|𝜋 − 3| < 1 
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