
https://mathproblemsbank.net/  
support@mathproblemsbank.net 

 

Problem:  

Find all values of the parameter  𝑎𝑎, for which the minimum value of the function 𝑓𝑓(𝑥𝑥) = 4𝑥𝑥2 − 4𝑎𝑎𝑎𝑎+𝑎𝑎2 − 2𝑎𝑎 +
+2  on the segment 𝑥𝑥 ∈ [0; 2] is equal to 3. 

Solution: 

𝑓𝑓(𝑥𝑥) = 4𝑥𝑥2 − 4𝑎𝑎𝑎𝑎 + 𝑎𝑎2 − 2𝑎𝑎, min
𝑥𝑥∈[0;2]

𝑓𝑓(𝑥𝑥) = 3.  𝑓𝑓(𝑥𝑥) = (2𝑥𝑥 − 𝑎𝑎)2 − 2𝑎𝑎 + 2. 

The graph 𝑦𝑦 = 𝑓𝑓(𝑥𝑥) is a parabola, the branches are directed up.  

Let’s consider 2 cases.  

𝑇𝑇ℎ𝑒𝑒 𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 𝑜𝑜𝑜𝑜 𝑡𝑡ℎ𝑒𝑒 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑖𝑖𝑖𝑖 𝑡𝑡ℎ𝑒𝑒 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑥𝑥 =
𝑎𝑎
2

,𝑦𝑦 = 𝑓𝑓 �
𝑎𝑎
2
�. 

𝑎𝑎) 𝑇𝑇ℎ𝑒𝑒 𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 𝑜𝑜𝑜𝑜 𝑡𝑡ℎ𝑒𝑒 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑜𝑜𝑜𝑜 𝑡𝑡ℎ𝑒𝑒 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 [0; 2], 𝑖𝑖. 𝑒𝑒.
𝑎𝑎
2
∈ [0; 2] ⇒ min

[0;2]
𝑓𝑓(𝑥𝑥) = 𝑓𝑓 �

𝑎𝑎
2
� = −2𝑎𝑎 + 2 = 3,⇒ 

⇒ 𝑎𝑎 = −
1
2

,
𝑎𝑎
2

= −
1
4
∉ [0; 2],𝑎𝑎 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐. 

б) The vertex of the parabola outside the segment [0; 2] ⇒ the minimum value 𝑓𝑓(𝑥𝑥) takes on one of the ends. 

[0; 2].  𝑓𝑓(0) = 𝑎𝑎2 − 2𝑎𝑎 + 2,𝑓𝑓(2) = 𝑎𝑎2 − 10𝑎𝑎 + 18. 
𝑎𝑎
2
∉ [0; 2] ⇒ 𝑎𝑎 ∉ [0; 4]. 𝐼𝐼𝐼𝐼 𝑎𝑎 < 0 ⇒ 𝑓𝑓(2) > 𝑓𝑓(0) (𝑎𝑎 < 2) ⇒ 𝑓𝑓(0) = 𝑎𝑎2 − 2𝑎𝑎 + 2 = 3,𝑎𝑎2 − 2𝑎𝑎 − 1 = 0, 

𝑎𝑎 = 1 ± √2,𝑎𝑎 < 0 ⇒ 𝑎𝑎 = 1 −√2. 𝐼𝐼𝐼𝐼 𝑎𝑎 > 4 ⇒ 𝑓𝑓(0) > 𝑓𝑓(2) (𝑎𝑎 > 2) ⇒ 𝑓𝑓(2) = 𝑎𝑎2 − 10𝑎𝑎 + 18 = 3 ⇒ 

⇒ 𝑎𝑎2 − 10𝑎𝑎 + 15 = 0,𝑎𝑎 = 5 ± √10,𝑎𝑎 > 4 ⇒ 𝑎𝑎 = 5 + √10. 

Answer: 𝑎𝑎 = 1 − √2  и  𝑎𝑎 = 5 + √10. 
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