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Problem:  

Let (𝑎, 𝑏) = 1. Prove that (𝑎 + 𝑏, 𝑎 − 𝑏) = 1 or 2. 

Solution: 

(𝑎, 𝑏) = 1. Let’s prove that (𝑎 + 𝑏, 𝑎 − 𝑏) = 1 or 2. 

Let (𝑎 + 𝑏, 𝑎 − 𝑏) = 𝑑 ∈ ℕ ⇒ (∗) 𝑎 + 𝑏 = 𝑥𝑑, 𝑎 − 𝑏 = 𝑦𝑑, where 𝑥, 𝑦 ∈ ℤ and (𝑥, 𝑦) = 1.  Let’s summarize 

these equalities, and also subtract: 

𝑎 + 𝑏 + (𝑎 − 𝑏) = (𝑥 + 𝑦)𝑑 ⇒ 2𝑎 = (𝑥 + 𝑦)𝑑

𝑎 + 𝑏 − (𝑎 − 𝑏) = (𝑥 − 𝑦)𝑑 ⇒ 2𝑏 = (𝑥 − 𝑦)𝑑
  (∗∗) 

First, from (∗)  if (𝑎, 𝑑) > 1 and (𝑎 + 𝑏) ⋮ 𝑑, ⇒ (𝑎 + 𝑏) ⋮ (𝑎, 𝑑), 𝑎 ⋮ (𝑎, 𝑑) ⇒ 𝑏 ⋮ (𝑎, 𝑑) ⇒ 𝑎, 𝑏 ⋮ (𝑎, 𝑑) > 1 ⇒
(𝑎, 𝑏) > 1 ⇒ a contradiction ⇒ (𝑎, 𝑑) = 1.  Similarly, (𝑏, 𝑑) = 1.  From (∗∗) ⇒ 2𝑎 ⋮ 𝑑, but (𝑎, 𝑑) = (𝑏, 𝑑) =

1 ⇒ 2 ⋮ 𝑑, 𝑑 ∈ ℕ ⇒ 𝑑 = 1 or 𝑑 = 2, but 𝑑 = (𝑎 + 𝑏, 𝑎 − 𝑏). The assertion has been proved.  
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