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Problem:
Find all the values of a, for which the system of inequalities

{x2+(5a+2)x+4a2+2a<0
x> +a’=4

has at least one solution.

Solution:

The discriminant of the 1-st inequality will be:

D = (5a+2)? —4(4a® + 2a) = 25a* + 20a + 4 — 16a? —8a =9a’ + 12a+4 = Ba + 2)* =
= the roots of the trinomial x? + (5a + 2)x + 4a? + 2a will be:

—5a—2+(Ba+2) —5a—2—-3a-2 —5a—-2+4+3a+2
> =—4a—2,x, = > =

xl,z = —a =

>x2+ Ga+2)x+4a?+2a=(x—x)(x—x)=(x+4a+2)(x+a),=from(x—x)(x—x,)<0=>
= min{xy, x,} < x < max{x;,x,},i.e.x; # x5.
Let’s consider the cases:
2

a) x1>x2:>—4a—2>—a:>a<—§,fromthe2—ndequationofthesystem=>
Sx=+J4d—a%x, <x<x =

2 2
=>§<—a<x<—4a—2=>x>§>0=>x= 4—a%2=>—a<+4—a?<—-4a-2,

all parts are positive, let’s square = a? < 4 — a® < 16a® + 16a + 4 = a? < 2,

2 16 2
a(17a + 16) > 0, a<—§<0=>17a+16<0=>a<—ﬁ<—§, a2 <2=lal<V2=
16
S|—VZ<a<-——|
VZ<a< -
2
b)x1<x2:>—4a—2<—a:>a>—§.

Ifaz0=>—-a<0=x=—/4—-a? —4a—-2<—J4—-a’<-ag>a<-—-4—-a*<4a+2>

>a?<2a(17a+16)>0, a>0=17a+16>0, a?<2= [0<a<V2|

2 1
Ifa<0:>—§<a<0,—4a—2<x<—a, if—4a—2>0:>a<—5:>x= 4—q?2>
= —4a — 2 < V4 — a? < —q, all parts are positive again, (4a + 2)>? < 4—-a?<a’=a*>2>

2 1
=>a<—\/§,:>—§<a<—\/§=>2>3\/§, 4 > 18 a contradiction = —4a—2£0:>a2—§.
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2
If x = \/4— a? = \/4— a2 < —a=a®*> 2,—§< a< —\/E,acontradictionagain =>x =—/4—a?,

—4a-2<—J4d—-a’?<—-a,>4a+2>4—a?2=>16a’>+16a+4>4—a?=>a(17a+ 16) > 0,
2 16
a<0=>17a+16<0=> —§< a< —ﬁ=> 34 > 48, a contradiction again.

We obtained the following values of a, for which the system has at least one solution:

(~vZ:-12) u (0:v2).

Answer: (—\/E; —g) U (0; \/E)
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