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Problem:  

Solve the equation: 

2 log6(√𝑥 + √𝑥
4

) = log4 𝑥. 

Solution: 

Let’s denote √𝑥
4

= 𝑡 ⇒ 𝑥 = 𝑡4, 𝑡 > 0. ⇒ 2 log6(𝑡2 + 𝑡) = log4 𝑡4, 

log4 𝑡4 = 4 log22 𝑡 = 4
1

2
log2 𝑡 = 2 log2 𝑡 , 2 log6(𝑡2 + 𝑡) = 2 log6(𝑡(𝑡 + 1)) = 2 log6 𝑡 + 2 log6(𝑡 + 1), 

2 log6 𝑡 + 2 log6(𝑡 + 1) = 2 log2 𝑡 ⇒ log6 𝑡 + log6(𝑡 + 1) = log2 𝑡, 

log6(𝑡 + 1) = log2 𝑡 − log6 𝑡 , если 𝑡 = 1 ⇒ 𝑥 = 1, 𝑏𝑢𝑡 𝑡ℎ𝑒𝑛 2 log6 2 = log4 1 = 0, 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑖𝑚𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒 ⇒ 

⇒ 𝑥 ≠ 1, 𝑡 ≠ 1 ⇒ 𝑤𝑒 𝑐𝑎𝑛 𝑤𝑟𝑖𝑡𝑒 log2 𝑡 =
1

log𝑡 2
⇒ log2 𝑡 − log6 𝑡 =

1

log𝑡 2
−

1

log𝑡(2 ∙ 3)
= 

=
1

log𝑡 2
−

1

log𝑡 2 + log𝑡 3
=

log𝑡 3

log𝑡 2 ∙ log𝑡 6
⇒ log6(𝑡 + 1) =

log𝑡 3

log𝑡 2 ∙ log𝑡 6
⇒

log6(𝑡 + 1)

log6 𝑡
=

log𝑡 3

log𝑡 2
 ,  

𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑖𝑒𝑠 𝑜𝑓 𝑙𝑜𝑔𝑎𝑟𝑖𝑡ℎ𝑚 ⇒  log𝑡(𝑡 + 1) = log2 3 (∗). 

𝐿𝑒𝑡′𝑠 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝑡ℎ𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑓(𝑡) = log𝑡(𝑡 + 1) =
ln(𝑡 + 1)

ln 𝑡
, 𝑓′(𝑡) = (

ln(𝑡 + 1)

ln 𝑡
)

′

=

ln 𝑡
𝑡 + 1

−
ln(𝑡 + 1)

𝑡
ln2 𝑡

= 

=
𝑡 ln 𝑡 − (𝑡 + 1) ln(𝑡 + 1)

𝑡(𝑡 + 1) ln2 𝑡
=

1

𝑡(𝑡 + 1) ln2 𝑡
ln

𝑡𝑡

(𝑡 + 1)𝑡+1
< 0 𝑤ℎ𝑒𝑛 𝑎𝑙𝑙 𝑡 > 0, 𝑠𝑖𝑛𝑐𝑒 𝑡𝑡 < (𝑡 + 1)𝑡+1 ⇒ 

⇒ 𝑓′(𝑡) < 0, 𝑡 ∈ (0; +∞) ⇒ 𝑓(𝑡) strictly decreasing ⇒ it takes each value at only one point,  note that from (∗) 

when 𝑡 = 2 ⇒ 𝑓(𝑡) = log2 3 ⇒ 𝑡 = 2 the unique solution of (∗) ⇒ √𝑥
4

= 2 ⇒ 

⇒ 𝑥 = 24 = 16. 

Answer: 𝑥 = 16. 

https://mathproblemsbank.net/
mailto:support@mathproblemsbank.net

