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Problem:  

A binary relation is given: 𝑅 = {(𝑥, 𝑦) ∣ 𝑥, 𝑦 ∈ ℕ ∧  𝑦 ⋮ 𝑥}. 

Find: 𝛿𝑅 , 𝜌𝑅 , 𝑅1, 𝑅 ∘ 𝑅−1, 𝑅 ∘ 𝑅. 

Solution:  

𝑅 = {(𝑥, 𝑦) ∣ 𝑥, 𝑦 ∈ ℕ ∧ 𝑦 ⋮ 𝑥}. 

The domain is 𝛿𝑅 = ℕ (∀𝑥 ∈ ℕ, (𝑥, 2𝑥) ∈ 𝑅). 

The range is  𝜌𝑅 = ℕ (∀𝑦 ∈ ℕ, (1, 𝑦) ∈ 𝑅). 

𝑅−1 = {(𝑥, 𝑦) ∣ 𝑥, 𝑦 ∈ ℕ ∧ (𝑦, 𝑥)  ∈ 𝑅} = {(𝑥, 𝑦) ∣ 𝑥, 𝑦 ∈ ℕ ∧  𝑥 ⋮ 𝑦}. 

𝑅 ∘ 𝑅−1 = {(𝑥, 𝑦) ∣ ∃𝑧 ∈ ℕ, (𝑥, 𝑧) ∈ 𝑅−1 ∧ (𝑧, 𝑦) ∈ 𝑅} = {(𝑥, 𝑦) ∣ ∃𝑧 ∈ ℕ, 𝑥 ⋮ 𝑧 ∧ 𝑦 ⋮ 𝑧} = 

= ℕ × ℕ, since when 𝑧 = 1 ⇒ 𝑥 ⋮ 𝑧, 𝑦 ⋮ 𝑧. 

𝑅 ∘ 𝑅 = {(𝑥, 𝑦) ∣ ∃𝑧 ∈ ℕ, (𝑥, 𝑧) ∈ 𝑅 ∧ (𝑧, 𝑦) ∈ 𝑅} = {(𝑥, 𝑦) ∣ ∃𝑧 ∈ ℕ, 𝑧 ⋮ 𝑥 ∧ 𝑦 ⋮ 𝑧} ⇒ 𝑦 ⋮ 𝑥 ⇒ 

⇒ 𝑅 ∘ 𝑅 = {(𝑥, 𝑦) ∣ 𝑦 ⋮ 𝑥} = 𝑅 ⇒ 𝑅 ∘ 𝑅 = 𝑅. 
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